introduce multivariable generalized forms of Hermite polynomials and analyze both the Gould-Hopper type polynomials and more general forms, which are analoguee of the classical orthogonal polynomials, since they represent a basis in .Cz(WN) Hilbert space, suitable for series expansion of square summable functions of N variables: Moreover, the role played by these generalized Hermite polynomials in the solution of evolution-type differential equations is investigated:
INTRODUCTION
The theory of Generalized Hermite Polynomials (GHP) of Gould-Hopper [l] has been recently reformulated in terms of that of Generalized Bessel Functions (GBF) [2] . Many properties of these polynomials have been straight forwardly derived within this new framework, which has allowed the possibility of introducing multivariable (> 2) GHP.
In this paper, we study the properties of GHP from a different point of view, starting from a generalization of the generating function which defines ordinary Hermite polynomials (HP). The method is, however, reminiscent of that leading to the notion of multivariable GBF and provides polynomials of the Hermite type, which can be considered a further generalization of the case already considered by Gould and Hopper. Moreover, with this procedure, it is possible to define a new class of multivariable generalized Hermite polynomials, which cannot be reduced to the ordinary forms by means of addition formulae, and represent a complete orthonormal set in the &(WN) space of square summable functions of N variables.
In these introductory remarks, we discuss the properties of the GHP defined in [l] and fix the notation: in order to make the paper self-consistent, we recall [3] the generating function of ordinary HP, J&(z),
exp (2x t -t2) = 2 Hn(z) f , n=O
and write explicitly its series expansion Setting r + 2m = n and rearranging the summation, we get
so that the series defining HP is immediately achieved:
where [a] is the truncated part of 5.
A preliminary example of generating function leading to GHP of the Gould-Hopper type is the following (21:
It is also worth stressing that H,(z, Y) can be expanded in terms of ordinary HP, (5b) (6) and the following properties are easily inferred:
with He(z,Y) = 1 and Hr(z, y) = 2x.
More generally, the first-kind Gould-Hopper polynomials arise from the generating function O" Hpqx y)
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and their recurrence properties are:
It is worth pointing out that the following identity derives from the first two equations in (7) (IO) and, therefore, one recovers the important relation 
Pb)
A simple example of the addition theorem will give a significant insight into the formalism we have just described: Starting from the generating function
and using the various definitions of Hermite polynomials so far introduced, we find 
MULTIVARIABLE HERMITE POLYNOMIALS
We define a new class of two-variable GHP specified by the following generating function exp (2X t -t2 + 2y t2 -t4) = exp [22 t + (2y -1) t2 -t4] = 2 tn (2)H:\z' y, . n=O . .
and the related recurrence relations are straightforwardly derived 
with while, we have that [4, p. 2551)
where use has been made of the known relations Hzn(0) = (-l)n v and Hzn+r(0) = 0. We can thus introduce the three-variable extension of t2) H,(x, y) by slightly generalizing the generating function (15), namely,
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The related recurrence relations are:
with (3*2)Hi(x, y, z) = Hi(x), for i = O,l, while for i = 2 -6, t3y2)Hi(x, y, 2) can be easily derived from the definition relation (21b 
The recurrence properties of ({slM)H,({ x S} ) M can be written in a very concise form, namely
Finally, it is worth mentioning the possibility of introducing Gould-Hopper multivariable GHP. We start, therefore, from the obvious extension of equation (8a), which reads as follows
are constructed using a criterion analogous to that leading to the definition of ({slM)Hn({xS}~) and, in fact,
and so on. The recurrence properties of H, ""l""({zs}~) are those of (~Bl~)Hn((zs}~), the only difference being that the factor 2 appearing in equation (25) should be dropped.
ORTHOGONALITY, SERIES EXPANSION AND PARTIAL DIFFERENTIAL EQUATIONS
GHP can be exploited as a convenient basis for the expansion of multivariable functions. A simple and illustrative example is provided by equation (15) the following, and 6,,, is the Kronecker symbol.
Alternatively, the exponential factor exp I-(X" + y")] , multiplying the GHP, can be viewed as a measure in the norm (29), which defines the Hilbert space Lp(B2). The orthogonality of 12)H,(z, y) in Cs(lR2) follows from that of the usual Hermite polynomials in C2W), From the operational identity (lla) and equation (llb), it follows that 4~') WAs a consequence, any function solution of (;9), can be expanded in series of GHP of the type discussed above. A typical example may be provided by the operational identity
(41) n=O Further examples of application of GHP to the solution of parabolic equations will be presented elsewhere.
THE TWO-DIMENSIONAL CASE AND NUMERICAL RESULTS
In previous sections, starting from suitable forms of generating functions, we have described some multivariable generalizations of the usual Hermite polynomials, H*(x). We now consider, in more detail, the two-variable case and the connections relating the involved generalized Hermite polynomials together with the relevant explicit expressions.
As for the first GHP (5b), it can be remarked that this is a fictitious generalization since they can be immediately reduced to the ordinary case according to the relation &(x,y) = yn'2H,(xy-1'z).
As far as the GHP of Gould-Hopper type, E@)(x, y), are concerned, we add the following result, which holds in the particular case m = 1,
while, for m = 2, it can be easily seen that
Then, we consider the more interesting case of GHP represented by (2)H,(~,y), introduced in Section 2, which, due to the related orthogonality property, can give a valid contribution to the development of the approximation theory of two-variable functions. In particular, it may be interesting to know the explicit expressions of (2) 
(2)Hs(~, y) = 32 x5 -160x3-120x+320x3y-480xy+480xy2, (2)Hs(~,y) =64x6 -460 x4 -720 x2 + 600 + 960 x4 y -2880 x2 y f 2880 x2 y2
-720 y -1440 y2 + 960 y3.
From these expressions, it comes out that each (2)H,(~,Y) has the coefficients of the terms containing the z variable only, which are, in modulus, the same as those of the corresponding H,(x). Moreover, these GHP, considered ss functions of x, have the same parity of the related index n, just as in the corresponding ordinary case of H,(z). This property holds, more generally, for every (2)Hn(~,y), whenever n E M, as can be easily inferred from the related structure in t of equation (16). In other words, c2)Hn(z, y) for n even (odd) involves only even (odd) powers of x.
It follows that if a function f(z, y) admits expansion in terms of (2) Hn(z, y) , as those encountered in the previous section, we have that, if f(z, y) is even or odd in Z, its expansion involves only (2)Hn(z, y) of order even or odd, respectively, as it is also shown in (28). This property, giving the dependence of the parity in x of (2)Hn(z, y) on the index n, outlines the analogy with the ordinary case.
In addition, the following symmetry holds:
which is the corresponding analogue of the well-known relation
and allows us to reduce the amount of computation in the evaluation of c2) Hn(z, y) . In this respect, considering the highly increasing behaviour of (2) It is worth remarking that &(z, y) reduces to the known Gaussian distribution, being (2)Ho(z,y) = 1.
CONCLUDING REMARKS
Considering the structure of (2)Hn(z,y), expressed by equation (16), we point out that these generalized polynomials are defined as a sort of discrete convolution of ordinary HP, namely of Hermite polynomials having a lower number of variables. This fact allows generalizations to the multivariable case and also to index values m > 2.
In fact, starting from a generalized generating function, such as (15)
O" +)H,(z, y) tn
exp(22t-t2+2Ytm-t2m) = C n-o n! .'
we obtain and, considering also (14c), one gets (lh,(z,y) = 2 (;)H,_,(z)H,(y) = Hn(s + y, 2) = Zni2 Hn (5 -t-5) .
(53) T=o
As for the convolution structure of (m)H,(z, y) and, in particular, of (2)H,(z, y), it is worth mentioning that we have already encountered this kind of structure in the generalization of another important special function, namely the Bessel function, whose importance for physical applications has been already stated [6, 7] , and which, in the two-dimensional case, takes the form
l=--03
